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SOBOLEV, HARDY, GAGLIARDO-NIRENBERG AND
CAFFARELLI-KOHN-NIRENBERG TYPE INEQUALITIES FOR SOME
FRACTIONAL DERIVATIVES
AIDYN KASSYMOV, MICHAEL RUZHANSKY, NIYAZ TOKMAGAMBETOV,
AND BERIKBOL T. TOREBEK
Abstract. In this paper we show different inequalities for fractional order differential
operators. In particular, the Sobolev, Hardy, Gagliardo-Nirenberg and Caffarelli-Kohn-
Nirenberg type inequalities for the Caputo, Riemann-Liouville and Hadamard deriva-
tives are obtained. In addition, we show some applications of these inequalities.
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1
1. Introduction
There is no doubt that the inequalities not depending on a type of operators are
very powerful for integral and differential equations. Without them, the progress of
integro-differential equations would not be at its present level. Fractional order differential
operators are not an exception.
Let us recall some classical results. Let Ω ⊂ RN be a measurable set and let 1 < p < N ,
then the classical Sobolev inequality is formulated as
‖u‖Lp∗(Ω) ≤ C‖∇u‖Lp(Ω), u ∈ C
∞
0 (Ω), (1.1)
where C = C(N, p) > 0 is a positive constant, p∗ = Np
N−p
and ∇ is the standard gradient
in RN . The inequality (1.1) is one of the most important tools in PDEs and variational
problems.
Further generalizations of the Sobolev inequality were obtained by Gagliardo and Niren-
berg, independently. In [Gag59] and [Nir59] they independently from each other proved
the interpolation inequality
‖u‖p
Lp(RN )
≤ C‖∇u‖
N(p−2)/2
L2(RN )
‖u‖
(2p−N(p−2))/2
L2(RN )
, u ∈ H1(RN), (1.2)
where {
2 ≤ p ≤ ∞ for N = 2,
2 ≤ p ≤ 2N
N−2
for N > 2.
Now, it is called the Gagliardo–Nirenberg inequality.
The next important generalization of the Sobolev inequality is the Caffarelli–Kohn–
Nirenberg inequality. In 1984, Caffarelli, Kohn and Nirenberg [CKN84] established the
following result:
Theorem 1.1. Let N ≥ 1. Assume that l1, l2, l3, a, b, d, δ ∈ R be such that l1, l2 ≥ 1,
l3 > 0, 0 ≤ δ ≤ 1, and
1
l1
+
a
N
,
1
l2
+
b
N
,
1
l3
+
δd+ (1− δ)b
N
> 0.
Then,
‖|x|δd+(1−δ)bu‖Ll3(RN ) ≤ C‖|x|
a∇u‖δLl1(RN )‖|x|
bu‖1−δ
Ll2 (RN )
, u ∈ C∞c (R
N), (1.3)
if and only if
1
l3
+
δd+ (1− δ)b
N
= δ
(
1
l1
+
a− 1
N
)
+ (1− δ)
(
1
l2
+
b
N
)
,
a− d ≥ 0, if δ > 0,
a− d ≤ 1, if δ > 0 and
1
l3
+
δd+ (1− δ)b
N
=
1
l1
+
a− 1
N
,
where C is a positive constant independent of u.
Recently, mathematicians started to develop the classical inequalities (1.1), (1.2), and
(1.3) for the p-Laplacian operator. In [DPV12], Nezza, Palatucci and Valdinoci obtained
the p-Laplacian version of the Sobolev inequality
‖u‖Lp∗(RN ) ≤ C[u]s,p, (1.4)
2
for the parameters N > sp, 1 < p <∞, and s ∈ (0, 1), for any measurable and compactly
supported function u. Here, C = C(N, p, s) > 0 is a suitable constant, and [u]s,p defined
by
[u]ps,p =
∫
RN
∫
RN
|u(x)− u(y)|p
|x− y|N+sp
dxdy
is the Gagliardo seminorm and p∗ = Np
N−sp
.
By using different techniques, the authors of the papers [Par11, DELL14, NS18] proved
the Gagliardo-Nirenberg inequality for the p–Laplacian operator:
‖u‖Lτ (RN ) ≤ C[u]
a
s,p‖u‖
1−a
Lα(RN )
, ∀u ∈ C1c (R
N), (1.5)
for N ≥ 1, s ∈ (0, 1), p > 1, α ≥ 1, τ > 0, and a ∈ (0, 1] such that
1
τ
= a
(
1
p
−
s
N
)
+
1− a
α
.
In [Hug77, Hug87] Hughes derived a Hardy-Landau-Littlewood inequality [HLL35]
for the Riemann-Liouville fractional integral, then for the Riemann-Liouville fractional
derivatives in weighted Lp spaces. For more information about inequalities related to the
fractional order operators, the reader is referred to [AAK17] and references therein.
In this paper we deal with new inequalities related to some fractional order differential
operators. Especially, the Caputo derivative analogues of the above inequalities are in
the field of our interest. Here, we derive the generalizations of the classical Sobolev,
Hardy, Gagliardo-Nirenberg and Caffarelli-Kohn-Nirenberg inequalities. Note that in this
direction systematic studies of different functional inequalities on general homogeneous
(Lie) groups were initiated by the book [RS19].
Recently, more attention has been paid to the study of fractional analogues of known
functional inequalities (see e.g. [AAK17, AN08, AN09, AN11, IHP14]). Also, we note that
in [AN09], the author considered Sobolev-type inequality for the Caputo and Riemann-
Liouville derivatives of order α ≥ 1.
We start by compiling basic definitions of fractional differential operators.
2. Preliminaries
Let us recall the Riemann–Liouville fractional integrals and derivatives. Also, we give
definitions of the Caputo fractional derivatives. In [KST06, p.394] the sequential differ-
entiation was formulated in a way that we will use in the further investigations. We refer
to [SKM87, KST06] and references therein for further properties.
Definition 2.1. The left Riemann–Liouville fractional integral Iαa+ of order α > 0, and
derivative Dαa+ of order 0 < α ≤ 1 are given by
Iαa+ [f ] (t) =
1
Γ (α)
t∫
a
(t− s)α−1 f (s)ds, t ∈ (a, b],
and
Dαa+ [f ] (t) =
d
dt
I1−αa+ [f ] (t) , t ∈ (a, b],
respectively and f ∈ AC[a, b]. Here Γ denotes the Euler gamma function.
Since Iαf(t) → f(t) almost everywhere as α → 0, then by definition we suppose that
I0f(t) = f(t). Hence D1a+f(t) = f
′(t).
3
Definition 2.2. The left Caputo fractional derivative of order 0 < α ≤ 1 is given by
∂αa+ [f ] (t) = D
α
a+ [f (t)− f (a)] = I
1−α
a+ f
′(t), t ∈ (a, b].
Property 2.3. In Definition 2.2, if f(a) = 0, then ∂αa+ = D
α
a+.
Property 2.4. If f ∈ L1([a, b]) and α > 0, β > 0, then the following equality holds
Iαa+I
β
a+f(t) = I
α+β
a+ f(t).
Property 2.5 ([KST06]). If f ∈ L1([a, b]) and f ′ ∈ L1([a, b]), then the equality
Iαa ∂
α
a+f(t) = f(t)− f(a), 0 < α ≤ 1,
holds almost everywhere on [a, b].
3. The main results
In this Section we derive the main results of this paper.
Remark 3.1. We note that in all statements of this section we will work with the Caputo
fractional derivative ∂αa+. But analogous results can be easily obtained for the Riemann-
Liouville derivative Dαa+ with the same order α ≤ 1 by adopting the techniques in the
proofs and taking into account Property 2.3.
3.1. Poincare´–Sobolev type inequality. In this subsection we show the Poincare´–
Sobolev type inequality for fractional order operators.
Theorem 3.2. Let u ∈ Lp(a, b), u(a) = 0, ∂αa+u ∈ L
p(a, b) and p > 1. Then for the
Caputo fractional derivative ∂αa+ of order α ∈
(
1
p
, 1
]
we have the inequality
‖u‖L∞(a,b) ≤
(b− a)α−
1
p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b) . (3.1)
Proof. Let u ∈ Lp(a, b), u(a) = 0, ∂αa+u ∈ L
p(a, b) and consider the function
u(t) = Iαa+∂
α
a+u(t). (3.2)
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Using the Ho¨lder inequality with 1
p
+ 1
q
= 1, we obtain
∣∣Iαa+∂αa+u(t)∣∣ ≤ 1Γ(α)
t∫
a
∣∣(t− s)α−1∂αa+u(s)∣∣ ds
≤
1
Γ(α)

 t∫
a
(t− s)αq−qds


1
q

 t∫
a
∣∣∂αa+u(s)∣∣p ds


1
p
α> 1
p
=
(t− a)α−1+
1
q
(αq − q + 1)
1
q Γ(α)

 t∫
a
∣∣∂αa+u(s)∣∣p ds


1
p
≤
(b− a)α−1+
1
q
(αq − q + 1)
1
q Γ(α)
∥∥∂αa+u∥∥Lp(a,b)
=
(b− a)α−
1
p
(αq − q + 1)
1
q Γ(α)
∥∥∂αa+u∥∥Lp(a,b)
=
(b− a)α−
1
p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b) ,
where q = p
p−1
> 1.
Then,
‖u‖L∞(a,b) = ‖I
α
a+∂
α
a+u‖L∞(a,b) ≤
(b− a)α−
1
p(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b) , (3.3)
showing (3.1). 
Remark 3.3. In Theorem 3.2, by taking 1 < q <∞, we obtain
‖u‖Lq(a,b) ≤
(b− a)α−
1
p
+ 1
q(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b) . (3.4)
Let us also present the following result.
Theorem 3.4. Let ∂αa+u ∈ L
p(a, b) with p > 1 and let β ∈ [0, 1) be such that α ∈(
β + 1
p
, 1
]
. Then for the Caputo fractional derivative ∂βa+, we have
‖∂βa+u‖L∞(a,b) ≤
(b− a)α−β−
1
p
+ 1
q
(αq − βq − q + 1)
1
q Γ(α− β)
∥∥∂αa+u∥∥Lp(a,b) , (3.5)
for all 1 < p ≤ q <∞, where 1
p
+ 1
q
= 1.
Proof. By using Definition 2.2 and Properties 2.4 and 2.5, we introduce the function
∂
β
a+u(t) = I
1−β
a+ u
′(t) = Iα−βa+ I
1−α
a+ u
′(t) = Iα−βa+ ∂
α
a+u(t). (3.6)
5
Using the Ho¨lder inequality with 1
p
+ 1
q
= 1, we get
∣∣∣Iα−βa+ ∂αa+u(t)∣∣∣ ≤ 1Γ(α− β)
t∫
a
∣∣(t− s)α−β−1∂αa+u(s)∣∣ ds
≤
1
Γ(α− β)

 t∫
a
(t− s)αq−βq−qds


1
q

 t∫
a
∣∣∂αa+u(s)∣∣p ds


1
p
=
(t− a)α−β−1+
1
q
(αq − βq − q + 1)
1
q Γ(α− β)

 t∫
a
∣∣∂αa+u(s)∣∣p ds


1
p
=
(t− a)α−β−
1
p
(αq − βq − q + 1)
1
q Γ(α− β)

 t∫
a
∣∣∂αa+u(s)∣∣p ds


1
p
≤
(b− a)α−β−
1
p
(αq − βq − q + 1)
1
q Γ(α− β)
∥∥∂αa+u∥∥Lp(a,b) ,
where by assumption α > β + 1
p
, we have αq − βq − q + 1 > 0. From this, we obtain
‖∂βa+u‖L∞(a,b) ≤
(b− a)α−β−
1
p
(αq − βq − q + 1)
1
q Γ(α− β)
∥∥∂αa+u∥∥Lp(a,b) , (3.7)
showing (3.5). 
Remark 3.5. In (3.5), if β = 0, we obtain the Sobolev type inequality.
Remark 3.6. In Theorem 3.4, by taking 1 < q <∞, we get
‖∂βa+u‖Lq(a,b) ≤
(b− a)α−β−
1
p
+ 1
q
(αq − βq − q + 1)
1
q Γ(α− β)
∥∥∂αa+u∥∥Lp(a,b) . (3.8)
3.2. Hardy type inequality. Let us show the Hardy inequality.
Theorem 3.7. Let a > 0, u(a) = 0 and ∂αa+u ∈ L
p(a, b) with p > 1 and α ∈
(
1
p
, 1
]
.
Then for the Caputo fractional derivative ∂αa+ we have the inequality∥∥∥u
x
∥∥∥
Lp(a,b)
≤
a−1(b− a)α(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b) . (3.9)
Proof. From a < x < b we have 1
b
< 1
x
< 1
a
. By using Theorem 3.2, we calculate(∫ b
a
|u(x)|p
xp
dx
) 1
p
=
(∫ b
a
x−p|u(x)|pdx
) 1
p
≤ a−1‖u‖Lp(a,b)
(3.1)
≤
a−1(b− a)α(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b) ,
(3.10)
showing (3.9). 
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Let us give the weighted one-dimensional Hardy type inequality.
Theorem 3.8. Let a > 0, u ∈ Lp(a, b), u(a) = 0 and ∂αa+u ∈ L
p(a, b) with p > 1 and
α ∈
(
1
p
, 1
]
. Then for the Caputo fractional derivative ∂αa+ of order α and γ ∈ R we have
∥∥∥ u
xγ+1
∥∥∥
Lp(a,b)
≤
a−|γ|−1b|γ|(b− a)α
(αq − q + 1)
1
q Γ(α)
∥∥∥∥∂αa+uxγ
∥∥∥∥
Lp(a,b)
, (3.11)
where q = p
p−1
.
Proof. We prove our statement in two stages, namely, when γ ≥ 0 and γ < 0. Firstly, let
us study the case γ ≥ 0. For a > 0, we have b−γ−1 < x−γ−1 < a−γ−1, so that
(∫ b
a
|u(x)|p
x(γ+1)p
dx
) 1
p
≤ a−γ−1
(∫ b
a
|u(x)|pdx
) 1
p
(3.1)
≤
a−γ−1(b− a)α(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
(∫ b
a
|∂αa+u|
pdx
) 1
p
=
a−γ−1(b− a)α(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
(∫ b
a
xγp
xγp
|∂αa+u|
pdx
) 1
p
≤
a−γ−1bγ(b− a)α(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
(∫ b
a
|∂αa+u|
p
xγp
dx
) 1
p
=
a−γ−1bγ(b− a)α
(αq − q + 1)
1
q Γ(α)
∥∥∥∥∂αa+uxγ
∥∥∥∥
Lp(a,b)
.
(3.12)
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To show the case γ < 0, one obtains(∫ b
a
|u(x)|p
x(γ+1)p
dx
) 1
p
=
(∫ b
a
|u(x)|p
x(γp+p)
dx
) 1
p
≤ b−γ
(∫ b
a
|u(x)|p
xp
dx
) 1
p
(3.9)
≤
a−1b−γ(b− a)α(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b)
=
a−1b−γ(b− a)α(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
(∫ b
a
|∂αa+u|
pdx
) 1
p
=
a−1b−γ(b− a)α(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
(∫ b
a
xγp
xγp
|∂αa+u|
pdx
) 1
p
≤
aγ−1b−γ(b− a)α(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
(∫ b
a
|∂αa+u|
p
xγp
dx
) 1
p
=
aγ−1b−γ(b− a)α(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥∥∥∂αa+uxγ
∥∥∥∥
Lp(a,b)
,
(3.13)
implying (3.11). 
3.3. Gagliardo-Nirenberg type inequality. Now, we are on a way to establish the
Gagliardo-Nirenberg inequality for differential operators of fractional orders. We show
that the Sobolev type inequality formulated in Theorem 3.4 implies a family of Gagliardo–
Nirenberg inequalities.
Theorem 3.9. Assume that 1 ≤ p, q < ∞, α ∈
(
1
q
, 1
]
and u(a) = 0. Then we have the
following Gagliardo-Nirenberg type inequality
‖u‖Lγ(a,b) ≤ C‖∂
α
a+u‖
s
Lq(a,b)‖u‖
1−s
Lp(a,b), (3.14)
with
γs
q
+
γ(1− s)
p
= 1, (3.15)
where s ∈ [0, 1].
Proof. By using the Ho¨lder inequality with γs
q
+ γ(1−s)
p
= 1, we have∫ b
a
|u(x)|γdx =
∫ b
a
|u(x)|γs|u(x)|γ(1−s)dx
≤
(∫ b
a
|u(x)|qdx
)γs
q
(∫ b
a
|u(x)|pdx
) γ(1−s)
p
(3.1)
≤ C‖∂αa+u‖
γs
Lq(a,b)‖u‖
γ(1−s)
Lp(a,b),
(3.16)
showing (3.14). 
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Let us consider the space H˙α+(a, b) with α ∈
(
1
2
, 1
]
of the following form
H˙α+(a, b) := {u ∈ L
2(a, b), ∂αa+u ∈ L
2(a, b), u(a) = 0}.
In particular case of Theorem 3.9, which is important for our further analysis, when q = 2
and α = 1, one obtains the classical Gagliardo-Nirenberg inequality:
Corollary 3.10. We have the following Gagliardo-Nirenberg type inequality
‖u‖Lγ(a,b) ≤ C‖u‖
s
H˙1+(a,b)
‖u‖1−sLp(a,b), (3.17)
for s ∈ [0, 1].
We also recall another more general special case of Theorem 3.9 with q = 2:
Corollary 3.11. Let α ∈
(
1
2
, 1
]
. Assume also that 1 ≤ p < ∞ and s ∈ [0, 1]. Then we
have the following Gagliardo-Nirenberg type inequality
‖u‖Lγ(a,b) . ‖u‖
s
H˙α+(a,b)
‖u‖1−sLp(a,b), (3.18)
for 1
γ
= s
2
+ 1−s
p
.
3.4. Caffarelli-Kohn-Nirenberg type inequality. Now let us show the fractional
Caffarelli-Kohn-Nirenberg type inequality.
Theorem 3.12. Assume that a > 0, α ∈
(
1− 1
q
, 1
)
, 1 < p, q < ∞, 0 < r < ∞, and
p+ q ≥ r. Let δ ∈ [0, 1]∩ [ r−q
r
, p
r
] and c, d, e ∈ R with δ
p
+ 1−δ
q
= 1
r
, c = δ(d− 1)+ e(1− δ)
and u(a) = 0. If 1 + (d− 1)p > 0 then we have
‖xcu‖Lr(a,b) ≤ C‖x
d∂αa+u‖
δ
Lp(a,b)‖x
eu‖1−δLq(a,b). (3.19)
Proof. Case δ = 0.
If δ = 0, then c = e and q = r. Then (3.19) is the inequality
‖xcu‖Lr(a,b) ≤ ‖x
cu‖Lr(a,b).
Case δ = 1.
If δ = 1, then we have c = d − 1 and p = r. Also, we have 1 + cp = 1 + (d− 1)p > 0.
Then by using weighted fractional Hardy inequality (Theorem 3.8), we obtain
‖xcu‖Lp(a,b) ≤ C
∥∥xc+1∂αa+u∥∥Lp(a,b)
= C
∥∥xd∂αa+u∥∥Lp(a,b) . (3.20)
Case δ ∈ [0, 1] ∩ [ r−q
r
, p
r
].
By assumption c = δ(d−1)+e(1−δ) and by using Ho¨lder’s inequality with δ
p
+ 1−δ
q
= 1
r
,
we calculate
‖xcu‖Lr(a,b) =
(∫ b
a
xcr|u(x)|rdx
) 1
r
=
(∫ b
a
|u(x)|δr
xδr(1−d)
|u(x)|(1−δ)r
x−er(1−δ)
dx
) 1
r
≤
∥∥∥ u
x1−d
∥∥∥δ
Lp(a,b)
∥∥∥ u
x−e
∥∥∥1−δ
Lq(a,b)
.
(3.21)
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By using weighted fractional Hardy inequality (Theorem 3.8) with 1 + (d − 1)p > 0, we
obtain
‖xcu‖Lr(a,b) ≤
∥∥∥ u
x1−d
∥∥∥δ
Lp(a,b)
∥∥∥ u
x−e
∥∥∥1−δ
Lq(a,b)
≤ C‖xd∂αa+u‖
δ
Lp(a,b)‖x
eu‖1−δLq(a,b),
(3.22)
completing the proof. 
4. Sequential Derivation Case
In this subsection we collect results for the sequential derivatives. Indeed, these results
are important due to the non–commutativity and the absence of the semi–group property
of fractional differential operators.
4.1. Fractional Poincare–Sobolev type inequality.
Theorem 4.1. Let ∂βa+u(a) = 0, ∂
α
a+∂
β
a+u ∈ L
p(a, b) with α ∈
(
1
q
, 1
)
and β ∈ (0, 1).
Then the following inequality is true
‖∂βa+u‖L∞(a,b) ≤
(b− a)α−
1
p
(αq − q + 1)
1
q Γ(α)
∥∥∥∂αa+∂βa+u∥∥∥
Lp(a,b)
, (4.1)
with 1
p
+ 1
q
= 1.
Proof. Consider the function
∂
β
a+u(t) = I
α
a+∂
α
a+∂
β
a+u(t). (4.2)
Using the Ho¨lder inequality, one has
∣∣∣Iαa+∂αa+∂βa+u(t)∣∣∣ ≤ 1Γ(α)
t∫
a
∣∣∣(t− s)α−1∂αa+∂βa+u(s)∣∣∣ ds
≤
1
Γ(α)

 t∫
a
(t− s)αq−qds


1
q

 t∫
a
∣∣∣∂αa+∂βa+u(s)∣∣∣p ds


1
p
=
(t− a)α−1+
1
q
(αq − q + 1)
1
q Γ(α)

 t∫
a
∣∣∣∂αa+∂βa+u(s)∣∣∣p ds


1
p
≤
(b− a)α−1+
1
q
(αq − q + 1)
1
q Γ(α)
∥∥∥∂αa+∂βa+u∥∥∥
Lp(a,b)
.
Then we obtain
‖∂βa+u‖L∞(a,b) ≤
(b− a)α−
1
p
(αq − q + 1)
1
q Γ(α)
∥∥∥∂αa+∂βa+u∥∥∥
Lp(a,b)
,
completing proof. 
Remark 4.2. If 1 < θ <∞ in Theorem 4.1, then we have
‖∂βa+u‖Lθ(a,b) ≤
(b− a)α−
1
p
+ 1
θ
(αq − q + 1)
1
q Γ(α)
∥∥∥∂αa+∂βa+u∥∥∥
Lp(a,b)
.
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4.2. Fractional Hardy type inequality. Now we show the following sequential frac-
tional Hardy inequality.
Theorem 4.3. Let a > 0, γ ∈ R and ∂βa+u(a) = 0 and ∂
α
a+∂
β
a+u ∈ L
p(a, b) with α ∈(
1
q
, 1
)
. Then the following inequality is true
∥∥∥∥∥∂
β
a+u
x
∥∥∥∥∥
Lp(a,b)
≤ C
∥∥∥∂αa+∂βa+u∥∥∥
Lp(a,b)
, (4.3)
with 1
p
+ 1
q
= 1.
Proof. From a < x < b we have 1
b
< 1
x
< 1
a
. By using Theorem 4.1, we calculate
(∫ b
a
|∂βa+u(x)|
p
xp
dx
) 1
p
=
(∫ b
a
x−p|∂βa+u(x)|
pdx
) 1
p
≤ a−1‖∂βa+u‖Lp(a,b)
(4.1)
≤
a−1(b− a)α
(αq − q + 1)
1
q Γ(α)
∥∥∥∂αa+∂βa+u∥∥∥
Lp(a,b)
,
(4.4)
showing (4.3). 
4.3. Fractional Gagliardo-Nirenberg type inequality. In the same way as Theorem
3.9 is proved, we can prove the following statement.
Theorem 4.4. Assume that 1 ≤ p, q < ∞, and let α ∈ (0, 1) be such that β ∈
(
1
q
, 1
)
.
Suppose that ∂αa+∂
β
a+u ∈ L
q(a, b) and ∂αa u ∈ L
p(a, b). Then we have the following
Gagliardo-Nirenberg type inequality
∫ b
a
|∂αa+u(x)|
γdx .
(∫ b
a
|∂βa+∂
α
a+u(x)|
qdx
) sγ
q
(∫ b
a
|∂αa+u(x)|
pdx
) (1−s)γ
p
, (4.5)
with
sγ
q
+
(1− s)γ
p
= 1, (4.6)
where s ∈ [0, 1].
Proof. Let us calculate the following integral∫ b
a
|∂αa+u(x)|
γdx =
∫ b
a
|∂αa+u(x)|
sγ|∂αa+u(x)|
(1−s)γdx
≤
(∫ b
a
|∂αa+u(x)|
qdx
) sγ
q
(∫ b
a
|∂αa+u(x)|
pdx
) (1−s)γ
p
,
(4.7)
with
sγ
q
+
(1− s)γ
p
= 1. (4.8)
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Then by using Theorem 4.1, we obtain∫ b
a
|∂αa+u(x)|
γdx ≤
(∫ b
a
|∂αa+u(x)|
qdx
) sγ
q
(∫ b
a
|∂αa+u(x)|
pdx
) (1−s)γ
p
(4.3)
≤ C
(∫ b
a
|∂βa+∂
α
a+u(x)|
qdx
) sγ
q
(∫ b
a
|∂αa+u(x)|
pdx
) (1−s)γ
p
.
(4.9)
The theorem is proved. 
5. Hadamard fractional derivative
Let us give the definition of the Hadamard fractional derivative.
Definition 5.1. The left Hadamard fractional integral Iαa+ of order α > 0, and derivative
D
α
a+ of order 0 < α < 1 are given by
I
α
a+ [f ] (t) =
1
Γ (α)
∫ t
a
(
log
t
s
)α−1
f (s)
ds
s
, t ∈ (a, b],
and
D
α
a+ [f ] (t) =
1
Γ(1− α)
∫ t
a
(
log
t
s
)−α
f ′ (s)
ds
s
. t ∈ (a, b].
Here Γ denotes the Euler gamma function.
Property 5.2 ([KST06]). If f ∈ L1(a, b) and f ′ ∈ L11
x
(a, b), then the equality
I
α
aD
α
a+f(t) = f(t)− f(a), 0 < α < 1,
holds almost everywhere on [a, b].
Now for p ≥ 1 we define the weighted Lebesgue space Lp1
x
(a, b) with the norm
‖u‖Lp1
x
(a,b) :=
(∫ b
a
|u(x)|p
dx
x
) 1
p
. (5.1)
For our further purpose we will need the following property of the weighted space
L
p
1
x
(a, b).
Property 5.3 ([KST06]). Suppose that f ∈ L11
x
(a, b). Then for the parameters α > 0
and β > 0 we have the following equality
I
α
a+I
β
a+f(t) = I
α+β
a+ f(t),
for almost all t ∈ (a, b).
5.1. Poincare´–Sobolev type inequality. In this subsection we show the fractional
order Poincare´–Sobolev type inequality.
Theorem 5.4. Let a > 0 and p > 1. Assume that u ∈ Lp(a, b) and Dαa+u ∈ L
p
1
x
(a, b) with
u(a) = 0. Then for the Hadamard fractional derivative Dαa+ of order α ∈
(
1
p
, 1
]
we have
‖u‖L∞(a,b) ≤
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
. (5.2)
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Proof. Let u ∈ Lp1
x
(a, b), u(a) = 0, Dαa+u ∈ L
p(a, b) and consider the function
u(t) = Iαa+D
α
a+u(t). (5.3)
Using the Ho¨lder inequality with 1
p
+ 1
q
= 1, we obtain
∣∣Iαa+Dαa+u(t)∣∣ ≤ 1Γ(α)
t∫
a
∣∣∣∣∣
(
log
t
s
)α−1
D
α
a+u(s)
∣∣∣∣∣ dss 1p+ 1q
≤
1
Γ(α)

 t∫
a
∣∣∣∣log ts
∣∣∣∣
αq−q
ds
s


1
q

 t∫
a
∣∣Dαa+u(s)∣∣p dss


1
p
α> 1
p
=
∣∣log t
a
∣∣α−1+ 1q
(αq − q + 1)
1
q Γ(α)

 t∫
a
∣∣Dαa+u(s)∣∣p dss


1
p
≤
∣∣log b
a
∣∣α−1+ 1q
(αq − q + 1)
1
q Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
=
∣∣log b
a
∣∣α− 1p
(αq − q + 1)
1
q Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
=
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
,
where q = p
p−1
> 1, showing (5.2).

Remark 5.5. In Theorem 5.4, by taking 1 < θ <∞, we have
‖u‖Lθ(a,b) ≤
(b− a)
1
θ
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
. (5.4)
5.2. Hardy type inequality. Here, we show the Hardy inequality for the Hadamard
derivative.
Theorem 5.6. Let a > 0 and p > 1. Assume that Dαa+u ∈ L
p
1
x
(a, b) and u(a) = 0. Then
for the Hadamard fractional derivative Dαa+ of order α ∈
(
1
p
, 1
]
we have
∥∥∥u
x
∥∥∥
Lp(a,b)
≤
a−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
. (5.5)
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Proof. From a < x < b we have 1
b
< 1
x
< 1
a
. By using Theorem 5.4, we calculate
(∫ b
a
|u(x)|p
xp
dx
) 1
p
=
(∫ b
a
x−p|u(x)|pdx
) 1
p
≤ a−1‖u‖Lp(a,b)
(5.2)
≤
a−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
,
(5.6)
showing (5.5). 
Let us show the weighted Hardy inequality with the Hadamard derivative.
Theorem 5.7. Let a > 0, u(a) = 0 and Dαa+u ∈ L
p
1
x
(a, b) with p > 1. Then for the
Hadamard fractional derivative Dαa+ of order α ∈
(
1
p
, 1
]
and γ ∈ R, we have inequality
∥∥∥ u
xγ+1
∥∥∥
Lp(a,b)
≤ C
∥∥∥∥Dαa+uxγ
∥∥∥∥
Lp1
x
(a,b)
. (5.7)
Proof. We prove this result in two steps. Let us first show the case γ ≥ 0. Since a > 0
we have b−γ−1 < x−γ−1 < a−γ−1, and by the direct calculations one obtains
(∫ b
a
|u(x)|p
x(γ+1)p
dx
) 1
p
≤ a−γ−1
(∫ b
a
|u(x)|pdx
) 1
p
(5.2)
≤
a−γ−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
(∫ b
a
|Dαa+u|
pdx
x
) 1
p
=
a−γ−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
(∫ b
a
xγp
xγp
|Dαa+u|
pdx
x
) 1
p
≤
a−γ−1(b− a)
1
p bγ
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
(∫ b
a
|Dαa+u|
p
xγp
dx
x
) 1
p
=
a−γ−1(b− a)
1
p bγ
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
∥∥∥∥Dαa+uxγ
∥∥∥∥
Lp1
x
(a,b)
.
(5.8)
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Now to prove the case γ < 0 we arrive at(∫ b
a
|u(x)|p
x(γ+1)p
dx
) 1
p
=
(∫ b
a
|u(x)|p
x(γp+p)
dx
) 1
p
≤ b−γ
(∫ b
a
|u(x)|p
xp
dx
) 1
p
(5.5)
≤
b−γa−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
=
b−γa−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
(∫ b
a
|Dαa+u|
pdx
x
) 1
p
=
b−γa−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
(∫ b
a
xγp
xγp
|Dαa+u|
pdx
x
) 1
p
≤
b−γaγ−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
(∫ b
a
|Dαa+u|
p
xγp
dx
x
) 1
p
=
b−γaγ−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥∥∥Dαa+uxγ
∥∥∥∥
Lp1
x
(a,b)
,
(5.9)
showing (5.7). 
5.3. Fractional Gagliardo-Nirenberg type inequality with Hadamard deriva-
tive.
Theorem 5.8. Assume that α ∈
(
1
q
, 1
]
, 1 ≤ p, q < ∞. Then we have the following
Gagliardo-Nirenberg type inequality
‖u‖Lγ(a,b) ≤ C‖D
α
a+u‖
s
Lq1
x
(a,b)‖u‖
1−s
Lp(a,b), (5.10)
with
γs
q
+
γ(1− s)
p
= 1, (5.11)
where s ∈ [0, 1].
Proof. By using the Ho¨lder inequality with γs
q
+ γ(1−s)
p
= 1, we get∫ b
a
|u(x)|γdx =
∫ b
a
|u(x)|γs|u|γ(1−s)dx
≤
(∫ b
a
|u(x)|qdx
)γs
q
(∫ b
a
|u(x)|pdx
) γ(1−s)
p
(5.2)
≤ C‖Dαa+u‖
γs
Lq1
x
(a,b)
‖u‖
γ(1−s)
Lp(a,b),
(5.12)
completing the proof. 
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5.4. Fractional Caffarelli-Kohn-Nirenberg type inequality with Hadamard de-
rivative. Now we are in a position to show the fractional Cafarrelli-Kohn-Nirenberg type
inequality.
Theorem 5.9. Let a > 0, 1 < p, q < ∞, α ∈
(
1− 1
q
, 1
)
, and 0 < r < ∞ such that
p + q ≥ r. Suppose that δ ∈ [0, 1] ∩ [ r−q
r
, p
r
] and c, d, e ∈ R with δ
p
+ 1−δ
q
= 1
r
and
c = δ(d− 1) + e(1− δ). Assume that xdDαa+u ∈ L
p
1
x
(a, b), xeu ∈ Lq(a, b) and u(a) = 0.
Moreover, let 1 + (d− 1)p > 0 then we have xcu ∈ Lr(a, b) and
‖xcu‖Lr(a,b) ≤ C
∥∥xdDαa+u∥∥δLp1
x
(a,b)
‖xeu‖1−δLq(a,b). (5.13)
Proof. Case δ = 0.
If δ = 0, then c = e and q = r. Then (3.19) is the inequality
‖xcu‖Lr(a,b) ≤ ‖x
cu‖Lr(a,b).
Case δ = 1.
If δ = 1, then we have c = d − 1 and p = r. Also, we have 1 + cp = 1 + (d− 1)p > 0.
Then by using weighted fractional Hardy inequality (Theorem 5.7) we obtain
‖xcu‖Lp(a,b) ≤ C
∥∥xc+1Dαa+u∥∥Lp1
x
(a,b)
= C
∥∥xdDαa+u∥∥Lp1
x
(a,b)
.
(5.14)
Case δ ∈ [0, 1] ∩ [ r−q
r
, p
r
].
By assuming c = δ(d−1)+e(1−δ) and using the Ho¨lder’s inequality with δ
p
+ 1−δ
q
= 1
r
,
we calculate
‖xcu‖Lr(a,b) =
(∫ b
a
xcr|u(x)|rdx
) 1
r
=
(∫ b
a
|u(x)|δr
xδr(1−d)
|u(x)|(1−δ)r
x−er(1−δ)
dx
) 1
r
≤
∥∥∥ u
x1−d
∥∥∥δ
Lp(a,b)
∥∥∥ u
x−e
∥∥∥1−δ
Lq(a,b)
.
(5.15)
By using the weighted fractional Hardy inequality (Theorem 5.7) with 1 + (d− 1)p > 0,
we obtain
‖xcu‖Lr(a,b) ≤
∥∥∥ u
x1−d
∥∥∥δ
Lp(a,b)
∥∥∥ u
x−e
∥∥∥1−δ
Lq(a,b)
≤ C‖xdDαa+u‖
δ
Lp1
x
(a,b)‖x
eu‖1−δLq(a,b),
(5.16)
showing (5.13). 
6. Applications
In this Section we show some applications of the obtained inequalities for the real-
valued functions u.
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6.1. Uncertainly principle. The inequality (3.9) implies the following uncertainly prin-
ciple:
Corollary 6.1. Let a > 0, u(a) = 0 and ∂αa+u ∈ L
p(a, b) with p > 1. Then for the
Caputo fractional derivative ∂αa+ of order α ∈
(
1
p
, 1
]
we have following inequality
‖u‖2L2(a,b) ≤
a−1(b− a)α(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b) ‖xu‖Lq(a,b), (6.1)
where q = p
p−1
.
Proof. By using (3.9), we obtain
a−1(b− a)α(
αp
p−1
− 1
p−1
) p−1
p
Γ(α)
∥∥∂αa+u∥∥Lp(a,b) ‖xu‖Lq(a,b) (3.9)≥
∥∥∥u
x
∥∥∥
Lp(a,b)
‖xu‖Lq(a,b)
≥ ‖u‖2L2(a,b) ,
(6.2)
completing the proof. 
Remark 6.2. Also, the uncertainly principle holds for the Riemann-Liouville derivative.
Let us show uncertainly principle for the Hadamard derivative.
Corollary 6.3. Let a > 0 and p > 1. Assume that Dαa+u ∈ L
p
1
x
(a, b) and u(a) = 0. Then
for the Hadamard fractional derivative Dαa+ of order α ∈
(
1
p
, 1
]
we have
‖u‖2L2(a,b) ≤
a−1(b− a)
1
p
∣∣log b
a
∣∣α− 1p(
αp
p−1
− 1
p−1
)p−1
p
Γ(α)
∥∥Dαa+u∥∥Lp1
x
(a,b)
‖xu‖Lq(a,b), (6.3)
where q = p
p−1
.
Proof. Proof is similar to Corollary 6.1 with using Theorem 5.6. 
6.2. Embedding of spaces. Let us consider the space H˙α+(a, b) with α ∈
(
1
2
, 1
]
intro-
duced in [Baj01, GLY15] in the following form
H˙α+(a, b) := {u ∈ L
2(a, b), ∂αa+u ∈ L
2(a, b), u(a) = 0}.
If α < β, then by the Poincare´–Sobolev-type inequality (3.1) we have H˙β+(a, b) →֒
H˙α+(a, b).
Let us introduce the space W˙α+ in the following form
W˙α+(a, b) := {u ∈ L
2(a, b), Dαa+u ∈ L
2(a, b), u(a) = 0},
where Dαa+ is the left Hadamard derivative. If α < β, then by the Poincare´–Sobolev-type
inequality (5.2) we have W˙β+(a, b) →֒ W˙
α
+(a, b).
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6.3. A-priori estimate. Here, we seek a real-valued solution to the following space-
fractional diffusion problem{
ut(x, t) +D
α
b−∂
α
a+u(x, t) = 0, (x, t) ∈ (a, b)× (0, T ),
u(x, 0) = u0(x), ∀x ∈ (a, b),
(6.4)
where α ∈
(
1
2
, 1
]
, u ∈ L∞(0, T ; H˙α+(a, b)), ut ∈ L
2(0, T ; H˙α+(a, b)) and u0 ∈ L
2(a, b).
Now we show an a-priori estimate for this problem. Let us define
I(t) = ‖u(x, ·)‖2L2(a,b) =
∫ b
a
|u(x, t)|2dx.
Then by multiplying (6.4) by u, integrating over (a, b), and by using integration by parts,
we compute ∫ b
a
ut(x, t)u(x, t)dx+
∫ b
a
u(x, t)Dαb−∂
α
a+u(x, t)dx
=
1
2
d
dt
∫ b
a
|u(x, t)|2dx+
∫ b
a
|∂αa+u(x, t)|
2dx
=
1
2
dI(t)
dt
+
∫ b
a
|∂αa+u(x, t)|
2dx.
(6.5)
By using (3.1) with p = 2 in (6.5), we get
0 =
1
2
dI(t)
dt
+
∫ b
a
|∂αa+u(x, t)|
2dx
(3.1)
≥
1
2
dI(t)
dt
+
(2α− 1) Γ2(α)
(b− a)2α
∫ b
a
|u(x, t)|2dx.
Consequently, we arrive at dI(t)
dt
≤ 0. This means that I(t) is a non-decreasing function.
Then for all t > 0 we have I(t) ≤ I(0). Thus,
‖u(x, ·)‖L2(a,b) ≤ ‖u0‖L2(a,b).
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